INTERNATIONAL BACCALAUREATE
MATHEMATICS
Higher Level

Tuesday 7 May 1996 (morning)
Paper 2

MO96/510/H(2)

2 hours 30 minutes

This examination paper consists of 2 sections, Section A and Section B.
Section A consists of 4 questions.

Section B consists of 4 questions.”

The maximum mark for Section A is 80.

The maximum mark for each question in Section B is 40.

The maximum mark for this paper is 120.

This examination paper consists of 11 pages.

INSTRUCTIONS TO CANDIDATES
DO NOT apen this examination paper until instructed to do so.

Answer all FOUR questions from Section A and ONE question from
Section B.

Unless otherwise stated in the question, all numerical answers must
be given exactly or to three significant figures as appropriate.

EXAMINATION MATERIALS
Required/Essential:
IB Statistical Tables
Millimetre square graph paper
Electronic calculator
Ruler and compasses
Allowed/Optional:

A simple translating dictionary for candidates not working in their own language
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FORMULAE

Trigonometrical identities: sin(a + B) = sina cos § + cosa sin 8
cos(a + ) = cos o cos B —sina sin B

tan o + tan 8
l-tanatan B

a+Bcosa—’B
2 2

c+B . a-f

sina —sin B = 2 cos 5 sin 3

+B . o-B

o
cosa +cos B = 2cos 5 cos 5

a+‘Bsinﬁ—a
2 2

tan(o + B) =

sina +sin § = 2sin

coso —cos B = 2sin

c0s20 =2cos’f—-1=1-2sin’0 = cos’* @ —sin’ @

2

andcost9=1_t
1+¢

Iftan2=tthensin9= 2t2 .
2 1+1¢

d
Integration by parts: u-fi—v-.dx =uv— [v—dx
dx dx

X +a2 a a

f —arcsm +c (x|<a)
Qa - x?

Standard integrals: f dx = 1 arctan > + ¢
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Statistics: If (x,,x,,...,x,) occur with frequencies (f;,f,,...,f,) then the mean m and

standard dev1at10n s are given by

Ifix; fi(x; - m)2

m = § = [, i=1,2,...

i ¥

Binomial distribution: P, = (”J p*A-py %, x=0,1,2,...n
X
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A correct answer with no indication of the method used will normally receive no marks. You are
therefore advised to show your working.

SECTION A
Answer all FOUR questions from this section.
1.  [Maximum mark: 20]

(i) The line L passes through the point P(2, 3, 1) and has direction
u=1+ 27— 3k. A second line M passes through the point Q(4, 2, 0)
and has direction v = 3/ - 7+ K.
. (@) Write down, in parametric form and using  as the parameter, the
equation of the line M .
5 >
(b) Find the vector w= RP, where R is any point on the line M .

. - - - -,
() Write down the vector » x w and hence express |z X w| in terms
of .

(d) Deduce that | UxXw | is minimised when ¢ = -—% and find this

minimum value. [12 marks]

(i) Write down, in polar form, the cube roots of —i. Hence, or otherwise,
solve the equation

[(A-1)z]¥+i=0,

expressing your answers in algebraic form (that is, in the form a + ib). [8 marks]
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[Maximum mark: 22]

(a)

(®)

©

Let the function x(7) be defined by
x(t)=e*sin (pt + @),

where 4, p and « are constants. Show that

d’x dx
— 4+ 2=+ P +p)x =0.
dr? dr @+r)

2
Given that dx =-2p and d—f— =-3p, when ¢=0 and ¢ = I , calculate
ds dz )4
the value of A and show that

3r
41n2

p:

Now consider the different case when % =0att=0,and o is not
specified. Show that

(1) A=pcot;

(1) the values of ¢ when A =0 are in arithmetic progression, and find

the common difference;

(iii) the values of x when m =0 are in geometric progression, and find

the common ratio in terms of «.

M96/510/H(2)

[6 marks]

[4 marks]

[12 marks]
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3. [Maximum mark: 20]

(1) Find the area enclosed by the curve y =x?sinx and the x-axis for
0 = x =< 2r, giving your answer exactly in terms of & . [10 marks]

(i) (a) Derive an equation that a, b and ¢ must satisfy for the system of
equations

-3x+ y+2z=a
~llx+2y+6z=5H
Ix+ y-2z=c¢

to have a solution.

(b) Derive a solution when a=2 and b=7. Is the solution unique?
Explain your answer clearly. [10 marks]
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4.
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[Maximum mark: 18]

Note: In this question all answers must be given exactly as rational numbers.

(@) A man can invest in at most one of two companies, 4 and B. The
probability that he invests in A4 is % and the probability that he invests in B

is 2 otherwise he makes no investment.

The probability that an investment yields a dividend is %for company 4

and 2 for company B.

The performances of the two companies are totally unrelated.

Draw a probability tree to illustrate the various outcomes and their
probabilities. What is the probability that the investor receives a dividend
and, given that he does, what is the probability that it was from his

investment in company A4 ?

(b)

10
probabilities of the investments yielding a dividend as in ().

() Draw a probability tree to illustrate the investment choices and
whether or not a dividend is received. Include the probabilities for the

various outcomes on your tree.

(i) If she decides to invest in both companies, what is the probability that

she receives a dividend from at least one of her investments?

(i) What is the probability that she decides not to invest in either

company?

(iv) If she does not receive a dividend at all, what is the probability that

she made no investment?

Suppose that a woman must decide whether or not to invest in each
company. The decisions she makes for each company are independent and
the probability of her investing in company 4 is % while the probability of
her ‘investing in company B is £. Assume that there are the same

M96/510/H(2)

[8 marks]

[10 marks]
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SECTION B

Answer ONE question from this section.

Abstract Algebra

5. [Maximum mark: 40]

(1) Show that R, the set of real numbers, forms a group under the operation *
where

(i)

(ii1)

22-6282

axb=+b

foralla,binR.

Consider the three points (2,0), (1, «/g) and (-1, «/3) in the x—y plane.

Let R, denote the anticlockwise rotation about the origin through the angle
0,0<6<2rm.

Let S be the set of anticlockwise rotations about the origin which map any
one of the these points either onto itself or onto one of the other points.

(a)
(b)
©

(@
(b)

List the elements of the set S'.

Show that S is not a group under the composition of rotations.

Find a rotation R, such that SU R does form a group under the
composition of rotations. Show that this group is cyclic and find a

generator for it. Write down all of the proper subgroups of this
group. :

Explain what is meant by stating that two groups are isomorphic.
Consider two isomorphic groups {G,, *} and {G,, o} with identity

elements e, in G, and ¢,in G,. Let f: G, G, be an isomorphism, q,
any element of G and write a, = f(a,) . Prove “that

1. e, =fle);
2. ‘1 = f(al“)

M96/510/H(2)

[11 marks]

[14 marks]

[15 marks]
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- 8-
Graphs and Trees
6. [Maximum mark: 40]
(i) Consider the five graphs below
B B B B B
A cAd C C c A C
A A
E D E D E D E D E D
I I1 III v \Y%

(@) By copying, and then completing the table below, write down the

degrees of the vertices 4, B, C, D and E in each graph and state
whether the graph is Eulerian or not, and whether it is Hamiltonian or
not. Whenever your answer is yes, give a circuit that verifies your

answer.
Graph I Graph 11 Graph III Graph IV Graph V
Degrees 4,4, 4 4,4
Eulerian? ' Yes, ABCD
FEACEBDA
Hamiltonian? | Yes,
ABCDE

(b) Which of the following statements are true? (No proofs or counter

©

22-6282

examples are required.)

A graph is Hamiltonian = it is Eulerian.
A graph is Eulerian = it is Hamiltonian.
A graph is not Hamiltonian = it is Eulerian.
A graph is not Eulerian = it is Hamiltonian.

Write down a necessary and sufficient condition for a connected graph
to be Eulerian and explain why your condition is necessary.

(This question continues on the following page)

[16 marks]




( Question 6 continued)

(i) Use Dijkstra’s Algorithm to find the shortest path, and its length, from 4
to H in the directed graph below, showing your working clearly in tabular
fashion.

E
7
4 3
14
Asc 5
A 3 >—H
6

[\
Pk
(%]

O

What is the length of the shortest path from 4 to G ?

(iii) Let G be a connected planar graph that is not a tree which has v vertices, e
edges and divides the plane into f faces or regions. State Euler’s formula
connecting v, e and f and verify the formula when e=0.

Hence, assuming that the formula is true when there are n—1 edges, use
mathematical induction to prove that the formula is true.

22-6282
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[12 marks]

[12 marks]

Turn over




Statistics

7.
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[ Maximum mark: 40]

() The data in the table below shows the number of telephone calls received
per minute at a business office over a forty minute period.

(i)

Calls per minute 0 1 2 3 4 5 >5

Frequency 1 8 12 7 8 4 0

Perform a y? test at the 5% level of significance to determine whether or not
the above data can be modelled by a Poisson distribution with mean given
by the sample mean.

Systolic blood pressures were recorded for a sample of 25 diabetic males in
a given age group. The sample mean and standard deviation were 147.60
and 13.92 respectively. From a sample of 30 non-diabetic males in the
same age group the corresponding values were 139.61 and 12.59
respectively. (The units are mm Hg.)

()

(b)

Explain in detail how to obtain a 95% confidence interval for the

- difference in mean blood pressure in diabetic and non-diabetic males

in the population from which the samples were drawn. The
distributional results and assumptions required for the derivation of
such an interval should be carefully stated.

Given that ¢,,. = 2.01 for a ¢ distribution with 53 degrees of freedom,
calculate the end points of the interval. Carry out a test of the null
hypothesis of equal population means for diabetic and non-diabetic
males against a two sided alternative hypothesis, using a 5%
significance level.

In a separate study it was found that 43 out of 200 diabetic males and
41 out of 300 non-diabetic males were classified as having high blood
pressure. Use a x? test to investigate independence of the two
classifications diabetic and high blood pressure.

[Full details of your working should be included.]

M96/510/H(2)
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Analysis and Approximation

8. [Maximum mark: 40]

® ()

(b)

i) (a)

(®)

©

The curves of the functions y = x>~ 21 and y = x2 + 2 intersect at the
point (x*, y*). Find the integer m such that m <x* <m + 1.

The value x" satisfies both of the two equations

x=3\/x2+23; x=4x>-23.

Which, if any, of these two can be used as an iterative scheme of the
form x,,, = g(x,) , with x, = m, to approximate the value x* ? Explain
clearly your decision about each scheme.

Find x" to 3 decimal places.

For x>0 and » € N, the exponential function e* can be written as

xZ x3 xn xn+l 0

e =l+x+—+— .. +—+ e
23 A (n+1)

where 0 <0< x.

n

4 X
Deduce that e* > — foranyne N.
n

tp
By considering the case when n =1, deduce that Int <— for > 1
p

andpeR,p>0.

Deduce that

1
Ink<4k*, k=1,2,3,4,5,..

and hence use the comparison test to determine whether or not the
series

Inn

3
n=1 l+n2

converges. You may state, without proof, the condition for the series

- 1

2—- to converge.
P

n=1 1
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[18 marks]

[22 marks]
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